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Abstract 

We show that there are exactly two anti- involution a± of the algebra of 
differential operators on the circle that are a multiple oipitdt) preserving 
the principal gradation (p G Cfa;] non-constant). We classify the irre- 
ducible quasifinite highest weight representations of the central extension 
T)^ of the Lie subalgebra fixed by —cr±. The most important cases are the 
subalgebras of Woe, that are obtained when p{x) = x. In these cases 
we realize the irreducible quasifinite highest weight modules in terms of 
highest weight representation of the central extension of the Lie algebra 
of infinite matrices with finitely many non-zero diagonals over the algebra 
G[u]/ {vJ^'^^) and its classical Lie subalgebras of C and D types. 

1 Introduction 

The universal central extension T> of the Lie algebra of differential operators on 
the circle (described first in "KP]) is usually denoted by physicists as W^i+oo, 
and it is one of the W- infinity algebras that naturally arise in various physical 
theories, such as conformal field theory, the theory of quantum Hall effect, etc. 

The difficulty in understanding the representation theory of a Lie algebra 
of this kind is that although it admits a Z-gradation (and thus the associated 
triangular decomposition), each of the graded subspaces is still infinite dimen- 
sional, and therefore the study of highest weight modules with the finiteness 
requirement on the dimensions of their graded subspaces (which we will refer to 
as quasifiniteness condition) become a non-trivial problem. 

The study of quasifinite highest weight modules of T) was initiated by Kac 
and Radul KRl . They were able to give a characterization of its irreducible 
quasifinite highest weight representations and these modules were constructed in 

-[m] 

terms of modules of the Lie algebra which is the central extension of the Lie 
algebra of infinite matrices with finitely many non-zero diagonals taking 
values in the truncated polynomial algebra Rm — C[u]/(u™+^). On the basis of 
this analysis, further studies were made within the framework of vertex algebra 
theory for the V algebra |FKRW| |KR2] . and for its matrix version [BKLYj . 
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In |KL] a general approach to the theory of quasifinite highest weight modules 
over Z-graded Lie algebras was developed, which makes the basic ideas of [KRlj 
much clearer, and these general results will be applied here. In [AFMOj and 
|KL) . they develop the theory of quasifinite highest weight representations of 
the subalgebras 2?p of 2?, where Vp {p G C[x]) is the central extension of the 
Lie algebra T>p{tdt) of differential operators on the circle that are a multiple of 
p{tdt). The most important of these subalgebras is Woo = i'x that is obtained 
by taking p{x) = x. Classical Lie subalgebras of T> appear by the study of anti- 
involutions on V. The orthogonal subalgebras of T) were studied in |K WY] . The 
symplectic subalgebra of V was considered in [B] in relation to number theory, 
and the representation theory was developed in |BL| . 

The idea of the present work is to extend some results from |KWYj to the 
family of subalgebras T>p. More precisely, in section 2 we show that there are 
exactly two, up to conjugation, anti-involutions a± of preserving the princi- 
pal gradation. In section 3, we classify the irreducible quasifinite highest weight 
representations of the central extension 2?^ of the Lie subalgebra of Vp fixed 
by — cr±- In particular, ii p = 1, from our results we recover several theorems 
obtained in |KWY| . The other most important cases are the subalgebras T)^ 
of Woo, that are obtained by taking p{x) — x. For these cases, in section 4 we 

^ [m] 

study the interplay between T)^ and some subalgebras of glj^ , and in section 5, 
we realize the irreducible quasifinite highest weight representations in terms of 

highest weight modules of the Lie algebra gtj^ and its classical Lie subalgebras 
of C and D types. Observe that the symplectic subalgebra of V considered in 
[B] and [BLj is a particular case of our general results, it corresponds to 2?+. 

2 Ant i- Involution of Preserving its Principal 
Gradation 

Let 23° be the associative algebra of regular differential operators on the 
circle, i.e. the operators on C[i,t^^] of the form 

E = ek{t)d^ + ek-i{t)d^~^ + ■■■ + eo(t), where e,(t) e €[t,t-\ 

the elements 

4 = -t'^+'dl (/ ez+, ke z), 

form its basis, where dt denotes Jj. Another basis of 23° is 

Li = -t^D^ {I e z+, fee z), 

where D = tdt- Let 23 denote the Lie algebra obtained from 23° by taking the 
usual bracket, i.e. 

[ef{D), t^g{D)] = e+^{f{D + s)g{D) - f{D)g{D + r)), 
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where f,gG C[x] and s, t Given p G C[a;], consider the fohowing family 

of subalgebras of P", 

:= P>(L>) 

and denote by Dp the associated Lie algebra (cf. jKLj ). 

Letting wt f{D) = k defines the principal Z-gradation of V"" and V^: 

K - 0(2?p)j' where {V^), = {ffiD)piD) : / e C[x]}. 

An anti-involution a of is an involutive anti-automorphism of P^, i.e. 
cr : I?;^ ^ with cr2 ^ /rf^ cr(^,x + F) = ha{X) + cr(y) and cr(Xr) = 
a{Y)a(X), where X, F G PJJ, 6 G C. 

The main result of this section is the following theorem with the classification 
of all anti-involutions of 1?° that preserve the principal Z-gradation. 

Theorem 2.1. Let p G C[a;] he a non-zero polynomial. There exist an anti- 
involution in Dp that preserve the principal l^-gradation if and only if exist 
c G C such that p{x) = ep{—x -\- c), where e = (^—l)d-<^s{p) ^ 

If deg{p) ^ I, then c is unique and there exist only two anti-involutions given 

by 

a±{t''f{D)p{D)) = e{±tf f{-D -k + c)p{D). (2.1) 

If deg{p) — 0, then c is a free parameter, and there are only two families of 
anti-involutions given by (|2.ip . 

Remark 2.2. When deg{p) = 0, we recover the classification obtained in Propo- 
sition 2.1 \KWYf . 

In the last part of this section we present the proof of Theorem 12 . II through- 
out several lemmas. 

Let (7 : Dp — 2?° be an anti-involution that preserve the principal gradation, 
then (T induce a map co : T)°- as follows 

a{t^f{D)p{D)) = aoit'f{D))p{D). (2.2) 

It's clear that ctq preserves the principal gradation and furthermore, the char- 
acterization of a is equivalent to the characterization of (Tq. 

Lemma 2.3. Let f,ge C[D] and k, m G Then 

(a) (To is G-linear; 

(b) al = Id; 

(c) aoif'+'^fiD + m)p[D + m)g{D)) = ao[V^^g{D))p{D)ao{t>' f{D)); 

(d) ao{f{D)g{D)p{D)) = ao{f{D))ao{g{D))p{D) . 
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Proof. Using that a is an anti-involution, (jaj) and (|b| follows immediately. For 

f, g € G[D], k, m e Z we have 

a{t'^f{D)p{D)t"^g{D)p{D)) - ao(i"g(i^))pp)ao(tV(^))p(^) (2-3) 

and 

ait\nD)p{D)t"^g{D)p{D)) = a^{t''+"^f{D + m)p{D + m)g{D))p{D) (2.4) 

obtaining (jcj). Observe that Q follows from (jcj) since {'D"')vi is an abelian sub- 
algebra of 2?° and cto preserve the gradation, finishing the proof. □ 

We shall need the following notation: cro(i*'') = t^Sk: with in C[D]. 

Lemma 2.4. ("aj For k e Z, we /lawe eu — ±1- 

('fej There exist c G C suc/i f/iaf /or all k CzIa and f G we have 

ao{t^J{D))^eut''!{-D-k + c). 



Proof. Using Lemma [2.31 (|d)) with f = g = 1 we have 

ao{p{D)) ^ elp{D) (2.5) 

then by Lemma O © and p{D) = aQ{elp{D)) and using again Lemma 

12.31 (|d)) with / = 1 and g — ef^, we obtain 

p{D)^e^<Jo{el)p{D). (2.6) 

Then from (|2.6p . 1 = £oO'o(£o) therefore Eq is a constant. Moreover by Lemma 
12.31 f|aj) and (jb)), we have 1 = CTq(1) = Eq, obtaining 

£0 = ±L (2.7) 

Now we shall prove that 

aoit^D') = thi {ea(7a{D) - 0' for ah I £ Z, and i G Z+, (2.8) 

by using induction in i. The case i = follows by notation. Now, using Lemma 
irglfiq) with t''f{D) = {D~ I), f^giD) = t'D\ we have 

ao{t'D^+'p{D + l)) = cTo{t'D')p{D)cjo{D-l) 

= t'ei{eoMD)-iyp{D){ao{D)-e„l) (2.9) 

on the other hand, using again Lemma l2.3l (ic| with t^f{D) — 1, t"''g{D) = 
we obtain 

ao{t'D'+MD + I)) = <Jo{t'D'^^)piD)eo. (2.10) 
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Comparing ((^ with ^JQ, and using we obtain ((^ . 

Note that, given / G C[x] and using the hnearity of ctq together with (|2.8p . 



we have 

ao(t"/(^)) = i"efc/(eo^To(i?) - k). (2.11) 

Since ao preserves the Z-gradation, we can assume that (Jo{D) = g{D) for 
some g e C[a;]. Then by Lemma [231 © and ^(TU) . we have D — (Jq{D) = 



eog{eog{D)). Using (I2.7p . it follow that deg{g)^ — 1 and therefore deg{g) = 1. 
Then (Jq{D) = aD + b for some a, 6 G C with a ^ 0. FinaUy, 

L» = cr2p^ ^ CTo(ai:' + fe) = a^i? + (a + eo)b, 

obtaining 

CTo(£') = aZ? + 6 with a = ±1, (a + eo)b = 0. (2.12) 
Using Lemma [231© and (|2TT|) . for all fc G 

= a2(ffe) = ao(<'=efc) = t''ek{D)ek{eo<7o{D) - k), (2.13) 

then deg{ek) — and furthermore = 1, finishing the proof of (gj). 
Observe that, using (|2.1ip . (I2.12p and Lemma \TM ([Hj) we have 

ao{t'' f{D)) = Ekt'' /{sQaD - k + c) where c^eob. 

Hence, in order to finish the proof of ((b|, it remains to see that eoa = — 1. But 

= ao{ekt''{eoaD - k + Sob)) 
= t'' D + {eoa + l)k 

for all fc in therefore eoa + 1 = 0. □ 

Proof Theorem \2.1\ Let a : be an anti- involution that preserve the 

principal Z-gradation. From (|2.2p and Lemma [2^ © 

a{t''f{D)p{D)) - Ekt^'fi-D - k + c)p{D) (2.14) 

for some c G C. 

Moreover from (|2.5p and Lemma [2.41 (ja| we obtain aa{p{D)) ~ p{D). Then 
by Lemma (|b)) . we have that p must satisfy 

p(L») £oP(--D + c) for some c G C. (2.15) 

If n = deg{p) > 0, by considering the coefficients of £>" and Z?"^^ in both 

sides of (|2.15p . we have Eq = (—1)" and c = — !- respectively, where p{x) = 

ncn 

Si=o Cjic*, so c is totally determined by the coefficients of p. 

If deg{p) = 0, using (I2.15P we get Eq = 1 and c is a free parameter. 
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On the other hand, 

(j{t^p{D)t"'p{D)) = a{t"'p{D))a{t''p{D)) (2.16) 



with 



a{t''p{D)t"'p{D)) = a{t''+"'p{D + m)p{D)) 

- ek+mt''+"'p{-D - k + c)p{D) 

= eoefe+mi'+X^ + fcM^), (2.17) 



and 



a{t"'p{D))a{t''p{D)) = e„,ekt"'p{D)t^p{D) 

= e„,ekt''+"'p{D + k)p{D). (2.18) 

From (|2lT| and (|2J8)) we have that (|2J6t holds if and only if 

and this is true for all fc, m E 1i. Then, if we take k = 1 and m = — 1 from 
(|2.19p and Lemma [2T4l ((a| . we have that ei — e-i and by induction 

Ek = soisosi)'' for all k e Z. (2.20) 

Since eq is totally determined, we could have only two anti-involutions depending 
on the choice of ei. Using (|2.14l) and (I2.20p . we have the following cases: 

• if ei = £0, then ait'' f{D)p{D)) = eot''fi~D ~k + c)p{D)- 

• if £i = -eo, then a{t'' f{D)p{D)) = ef){-tf,f{-D -k + c)p{D). 

Reciprocally, it is straightforward to check that if p satisfies (|2.15p then the 
two previous cases are anti-involutions, finishing the proof. □ 

3 Quasifinite Highest-Weight Modules over 

Let p G C[a:] with n — deg{p) that satisfies Theorem 12.11 i.e. p{x) = 
(— l)"p(— 2^ + c) for some c G C. We denote by V^, the Lie subalgebra of Vp 
consisting of its minus cr±-fixed points i.e., 

2?± = {de2?p:a±(d) = -rf}. 

It inherits a Z-gradation from 2?p since a± preserves the principal Z-gradation 
of Dp, then = ©^^^(^p )fe where 

(P±), = {t''f{D)p{D) : / G €[x] and a ^{t'' f {D)p{D)) = -t'' f {D)p{D)} . 

Let us denote by C[a:]'-'^^ (resp. C[a;]^^^) the set of all even (resp. odd) 
polynomials in C[x]. Also, we let /c = if fc is an odd integer and fc = 1 if fc 
even. The following lemma gives a complete description of {T>^)k. 
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Lemma 3.1. (a) {V+)k = jtV (^D - pp) : / e C[a;](")| 

(b) {V-)k - jiV (^i? - ^) : / e C[x](^) 



Proo/. Let t^f{D)p{D) e (2?^ )fc then, by Theorem O 

c~ k ^ 



if and only if (-1)"+'^+ ^(2^) = f{-x - k + c). We define g{w) — f{w ■, ^ , 

and for x = w — , we have g{—x) = f{~w — k + c) = {—l)'"^''^^f{w) = 

^^Y^) = (-l)"+'=+i5(a;), therefore g{w) e C[w]^"^'> and 
g{x — — — ) = f{x) finishing (|b|. The proof of (jaj) is similar. □ 

Remark 3.2. \KWYf 

We have the following 2-cocycle on V, where f{x), g{x) G C[a;] 

S f{'m)g{'m + r) if r = — s > 0, 
if r + s ^ or r = s = 0. 

Denote by T) the central extension of I? by a one-dimensional center CC, corre- 
sponding to the 2-cocycle "if, i.e. T> = V + CC with the following commutation 
relation 

[ff{D),fg{D)] = f+^{fiD + s)g{D) - f{D)g{D + r)) + 

Denote by the central extension of by CC corresponding to the restric- 
tion of the 2-cocycle . 

Letting wtt^ f{D)p[D) = k, wtC ^ defines the principal gradation of 1)^ 

^P=0(^p)fe' ^l^ere = (P±)fe + <5o,,CC. (3.1) 



In order to apply the general results on quasifinite representations of 
graded Lie algebras developed in sect 2 in |KL| . we need to study the parabolic 
subalgebras of . Let us recall some general definition and results from |KL] . 



Let = flj ' ^'^ ^ Z-graded Lie algebra over C, and take 0+ = 0j>q Qj- 

A Z-graded subalgebra p of g is called parabolic if, 

p — pj, where pj — Qj for j > and pj ^ for some j < 0. 
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We assume the following properties of q: 
(PI) 00 is commutative, 

(P2) if a e (fc > 0) and [a, gi] = 0, then a = 0. 

Given a G g-i that is nonzero, we define = p^ , where p° = g^ for all j > 

and 

p^ =^[...[[a,go],go],...], P%_i = [p'U,P-k]- 
It was proved in [KLj that p° is the minimal parabolic subalgebra containing a. 

Definition 3.3. (a) A parabolic subalgebra p is called nondegenerate ifp-j has 
finite codimension in g_j for all j G IN. 

(b) An element a G g-i is called nondegenerate j/p° is nonodegenerate. 

We will also require the following condition on g: 

(P3) If p is a nondegenerate parabolic subalgebra of g, then there exists a 
nondegenerate element a G p-i. 

A g-modulo V is called 1i-graded if = ®jez^j ^^^^ ^i+j- ^ 

Z-graded g-module is called quasifinite if dimVj < oo for all j. 

Given A G gg, a highest-weight module is a Z-graded g-module V{q, A) gen- 
erated by a highest-weight vector v\ G V{q, A)o which satisfies 

hvx = X{h)vx for /i G g and g+WA = 0. 

A nonzero vector v G F(g, A) is called singular if g+v = 0. 
The Verma module over g is defined as usual: 

Af(g,A)=W(g)(g)j,(g^^g^)CA, 

where <C\ is the one-dimensional (go ® g+)-module given hy h X{h) ii h G 
00, 0+ 0, and the action of g is induced by the left multiplication in U{g). 
Here and further stands for the universal enveloping algebra of the Lie 

algebra g. Any highest weight module F(g, A) is a quotient module of M(g, A). 
The irreducible module i(g. A) is the quotient of Af (g. A) by the maximal proper 
graded submodule. 

Consider a parabolic subalgebra p = ^j^^Pj ^^"^ ^'^^ A G gj^ be such 
that A IboPKp.p]" ^- Then the (go g+)-module <Cx extends to a p-module by 
letting pj act as for j < 0, and we may construct the highest weight module 

M(p,g,A) =W(g)(g)i^(p)CA 

called the generalized Verma module. Clearly all these highest weight modules 
are graded. The following result givens the characterization of all irreducible 
quasifinite highest weight modules. 
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Theorem 3.4. JKLf Let g = Qj be a X-graded Lie algebra over C that 

satisfies conditions (PI), (P2) and (PS). The following conditions on X € Qq 
are equivalent: 

(a) M{q, A) contains a singular vector a.v\ in M(0, A)_i, where a is nondegen- 
erate. 

(b) There exist a nonodegenerate element a G 0-i, such that A([gi,a]) = 0. 

(c) L(q,X) is quasi-finite. 

(d) There exist a nondegenerate element a G Q-i, such that L{q,X) is the irre- 
ducible quotient of the generalized Verma module A/(g,p'^,A). 

Proof. See [KL]. □ 

Now we will prove that satisfies the properties (PI), (P2), (P3) and 
therefore we can apply Theorem 13.41 It is obvious that T)^ satisfies (PI). In 
order to prove that satisfies (P2) and (P3), we shall need the following 
results. 

Lemma 3.5. Lets f, g, h e G[x] be such that deg{fg) > and 

[t'^fiD), t'giD)] = t'^+'hiD) + ^{t'^fiD), t'g{D))C, (3.2) 

then deg{h) = deg{f) + deg{g) — I if and only if deg{f)l ^ deg{g)k. 

Proof We suppose, /(£>) = £>' and g{D) = with i+j^O, then from dS^]) 

hiD) = {D + lyD^ -{D + kyD\ 

it is clear that deg{h) ^ i-\- j — 1, moreover the coefficient of is (il — jk) 

therefore, for this case the Lemma is true. Now, lets f{x) — X]"=o /^-^^ ^^'-^ 
ff(^) — Sj=o ffi^"* polynomials such that n + m ^ 0, then 

[t''fiD),t'g{D)] = J2 f^gAt'D\t'D^] := ^ f,g, t^+'h^,{D), 

i,j hi 

with deg{hi.j) ^ i + j — I. Therefore we only have to study t^^^hn,m{D) ■= 
[i'^D", t'Z?™], finally the proof follows from previous paragraph. □ 

Lemma 3.6. Let p = ^^g^ Pi l^-graded subalgebra ofD^ with pQ = {Vp)Q. 

(a) If pj ^ 0, then it has finite codimension in {T>^)j. 

(b) If p-i ^ 0, then p_j has finite codimension in (i'^)-j for all j G IN. 
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Proof. In order to prove (jaj), it is enough to find a family {P gk{D)p{D)}k^i C pj 
with deg{gk) = tuq + 2k for some fixed niQ G Z+ (see Lemma l3.ip . 

We suppose j ^ 0. Let P f{D)p{D) G pj be nonzero. By hypothesis and 

LemmaO {D - ^)^''+>(i:') £ po for all k^l, then 

and by Lemma [3.51 we obtain deg{gk) — deg{f) + n + n — 1 + 2k, finishing (a). 

Now, in order to prove (jbl we only need to see that p_j ^ for all j ^ 1- By 
induction, we suppose p-j ^0 with j ^ 1. Then from the above paragraph, for 
all fc ^ 1 there exists t^^ gk{D)p{D) e p_j with deg{gk) = mo + 2k (mo G Z+ 
fixed) and by hypothesis there exists t^^ f{D)p{D) G p_i that is nonzero. Hence, 
we can take fcg G IN such that (n + deg{f ))j {n + toq + 2/eo), then by Lemma 
[331 we have that [t~^ f{D)p{D),t~i gko{D)p{D)] G p-^-i is nonzero. □ 

Corollary 3.7. (a) P± satisfies (P2). 

(h) Any parabolic subalgebra ofD^ is nondegenerate. 

(c) Any nonzero element o/(2?^)_i is nondegenerate. 

(d) 25± satisfies (PS). 

Proof. Let t~^f{D)p{D) G be nonzero (with fc > 0), then if we take 
tg{D)p{D) G with no constant g, we obtain from Lemma 13.51 that 

[t-''fiD)piD)MD)p{D)]^0, 

therefore, satisfies (P2). 

Now, let p be a parabolic subalgebra of , by definition there exists G IN 
such that p-j ^ then by (P2), p_i 0, and the proof of (|b| follows from 
Lemma 13.61 (jb| . Finally, (|c| follows from (jb]) , and ([dl follows from (|c]) . □ 

Let L{T)^, A) be an irreducible quasifinite highest weight module over V^. 
By Theorem 13.41 there exists some monic polynomial b{x — ^^)p{x) such that 
{t~^b{D — ^-^)p{D))v\ — (with b{x) a polynomial odd or even depending 
on T)p as described in Lemma 13.11) . We shall call such monic polynomial of 
minimal degree, uniquely determined by the highest-weight A, the characteristic 
polynomial of L{T>^ , A). 

Let us denote by Z^-* (resp. 1^1^) the set all even (resp. odd) non- negative 
integers. ^ 

A functional A G {'Df)l is described by its labels A; = -\{{D - §)V(-D)), 

where I G Z^-*, n = deg{p) and the central charge A(C) = cq. We can consider 
the generating series 

Aa(2;)= TT^'- (3.3) 
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Recall that a quasipolynomial is a linear combination of functions of the form 
g(x)e"^, where q G C[x] and a S C. Also we have a well-known characteriza- 
tion: a formal power series is a quasipolynomial (resp. even quasipolynomial) 
if and only if it satisfies a non-trivial linear differential equation with constant 
coefficients f{d) = 0, where f{x) is an polynomial (resp. even polynomial). 

The following theorem characterizes the irreducible quasifinite highest weight 
modules over T)^. 

Theorem 3.8. A T)p -module L{'Dp,X) is quasifinite if and only if 

where (j)\{x) is an even quasipolynomial such that 4'x{Q) = 0. 

Proof. Recall that p satisfies 

p(x) = (-l)>(-.T + c) (3.5) 

where n = deg{p). We shall use the following identities, for f, g G G[x] and 
a e C: 

f(±-^y-- = /(±a)e'^^ (3.6) 
g±.(D-t)^(^) = /(±^ + |)e^'^''"^'' (3-7) 
e-t/(^).(.) ^ /(^Ti)e-t.(.). (3.8) 
Using (133]) and 

Aa(.t) = -iA((e-(^-^) + (-l)"+ie--(^-§))p(i?) 

Now, take Tx{x) a solution of 



A,{x)^p(^-^ + ^y,ix). (3.10) 

It follows from Theorem 13.41 that L{T)p , A) is quasifinite if and only if there 
exists t-'^biD - ^)p{D) G (2?^)-i such that 

= \{[t{D ^f'^+^piD),t-'b{D - ^)piD)]) (3.11) 
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for all fc G Z and by Lemma [01 and p.ip . b G C[x]'^''^ where S is given by 



6 = 



J n, in the case T)^, 



— 1, in the case V„ 



(3.12) 



Taking generatriz serie, p.lip is equivalent to 



= iA([t(e"(^-^) + (-l)*e~"(^~^))p(i^),t-i&(Z? 



c+ 1 



)pm) 



+ (-l)''e-^(^-'^)) 



Then using the identities dSS]), (EH), (EZ]), (|XH1), (EH) and (PHT)) 



c- 1 



da; 2 ax 2 



c — 1 d c + 1 



c- 1 



+ (-^)^^(-d^)^(-d^+ 2 



, , d C + 1 , /c+ly 



Co 



,d c— l,_x ,d c+l,a 



ax 
1, 



,d c+l,x /d c— 1, 



+ " 6( )p( _^ c — 1 d 
2 dx dx 2 



c+ 1 



dx 2 
, d c+l x d c— 1 



-(4i)- + e(^)-)co 



'dx 



~ dx 



le 2 



, , d . , d c-1, ,d 



d d c+l „ 



dx 

d c-1 



)cosh((— ^)x)co 



) 2sinh(-)rA(x)+cosh(( 



c+1 



x)co 



It follows that L{'D^ , A) is quasifinite if and only if there exists b G G[xY (see 
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dSini)) such that 

° = '(d^)^(rf^ + -^^P^T. + ^) (2s:nh(-)r.(.) +cosh((^)x)co 

(3.13) 

Therefore, if L(X'^,A) is quasifinite, then 2 sinh(|)rA(2;) + cosh((^ii)a;)co is 
a quasipolynomial. But, using p.9p and (13.101) . we get that ^\{x) is an odd 
function. Hence, 

=2sinh(^)rA(x) (3.14) 
is an even quasipolynomial such that (t>\{0) ~ 0, and using p.lOp . we have 

Conversely, if p.lSp holds for some even quasipolynomial i/ia with (t>x(0) = 0, 
then F{x) = (t)\{x) + cosh((2i-!-)a;)co is an even quasipolynomial and it satisfies 
Q.{j^)F{x) — for some q & G[xY . In particular, we have 

, d c+l. , d c — 1 . . d . 

\jLJu \JbJu yjbJu 

and therefore L(T)^ , A) is quasifinite, finishing the proof. □ 

The even quasipolynomial (/)a(2^) +cosh((^ii)a;)co, where (f>\{x) is from p.4p 
and Co is the central charge, can be written in the form 

c + 1 

4>\{x) +cosh(( ^ )x)co qi{x) cosh(e^a:) + ^ (x) sinh(eja;), (3.16) 

i j 

where qi{x) (resp. rj{x)) are non-zero even (resp. odd) polynomials and ef 
(resp. ej) are distinct complex numbers. Note that 5i(0) — cq. 

The expression (I3.16P is unique up to a sign of ef or a simultaneous change 
of signs of eJ and rj{x). We call ef (resp. e~) the even type (resp. odd type) 

exponents of L(1?^,A) with multiplicities qi{x) (resp. rjix)). We denote by 
e+ the set of even type exponents ef with multiplicity qi{x) and by e~ the 
set of odd type exponents e~ with multiplicity rj{x). Then the pair (e+,e~) 

determines L{V^, A) uniquely, and we shall also denote it as L(I?p ; e+, e^). 

Corollary 3.9. Let L{'D^ , A) be an irreducible quasifinite highest weight module 

over T)^ , b{x — ^i-!-)p(x) be its characteristic polynomial with b{x) £ C[x]^ 
(see (jXT^ ). Tx{x) be a solution of (IXTUl) and let F{x) = 2 sinh(|)rA(x) + 
cosh((£ii)a;)co. Then 
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is the minimal order homogeneous linear differential equation with constant co- 
efficients of the form 

satisfied by F{x). Moreover, the exponents appearing in (j3.16p are all roots of 
the polynomial b{x)p{x + ^^)p{x + ^^). 

4 Interplay between T)^'^ and gi^oo\ ^oo^ 

Denote by Rm the quotient algebra <C[u] / {u"^'^^) and by 1 the identity element 
of Rm- We let the Lie algebra of all matrices (a.y with finitely many 
nonzero diagonals with entries in Rm. Also denote by Eij the infinite matrix 
with 1 at («, j) place and elsewhere. Letting wtEij = j^i defines the principal 
1i- gradation of glj^'''. There is a natural automorphism i' of 0[[^' given by 

i^{E.,^j)=E^+i,j+i. (4.1) 

Consider the following two-cocycle on with values in R^; 

C{A,B)^tr{[J,A]B), (4.2) 

where J = X^j^o^ii' denote by gl^' = © Rm the corresponding 

central extension. The Z-gradation of this Lie algebra extends from by 
letting wt Rm = 0. 

^ [m] 

Given A G (qI^ )q, we let 

Hu'Eu), (4.3) 
where z £ Z and j — 0, . . . , m. The superscript a corresponds to the type A 

^ [m] ^ [m] ^ [m] 

Lie algebra . Let L{qI^ , A) be the irreducible highest weight qI^ -module 
with highest weight A. The "Ap'' are called the labels and Cj are the central 

^ [m] 

charges of L(gl^ , A). 

Consider the vector space Rin[t,i^^] and take its basis Vi = (i G Z) over 
Rm- Let us consider the following C-bilinear forms on this space: 

C{u"'v,,u''vj} = u™(-u)"(-l)M,,i_„ 
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Denote by c|^' and d ™ the Lie subalgebras of g[[^' which preserves the bihnear 
forms C and D respectively. We have; 

dt^ - {AeQit'^\M,,{u) = -A^^,,^^,{-u)}. 

Denote by c[^^' = cli^' ©Rm and cjJ^'' = ® i?m the central extension of c[^' 
and respectively, given by the restriction of the two-cocycle (I4.2p . This 

[m] 

subalgebras inherits from the principal Z-gradation. 

Let stand for c^' or Given A G {q)q, denote by L(g, A) the irreducible 
highest weight module over g with highest weight A. We let 

Cj = A(u^), 

fAp) = \{u'Eu-{-uyEi^,.i^,), 

^h!f^ = np'-0A(^\, (4.4) 

f^^) = ^Xi^+Cj (j even), 

where i S Z, j = 0, . . . , m and the superscript g represents c or d depending on 
whether g is c[^'' or The ^A^^ are called the labels and Cj are the central 

charges of L(g, A). 
We define 

ZlT' = € gt'l I A.,,(u) = -(Tl)'+^A_,- _,(-..) if *j > V z = J = 0; 

^ij(w) = (Tl)'+^'^-j,-»(-w) if u < 0; A-,.q{u) = (t1)'u^o,*(-w); 
Ao(m) = -(t1)'u^o,-»(-w) for i G IN}, 

subalgebras of g[[^*'. Denote by = ^[["'ffiRm the central extension of 
given by the restriction of the two-cocycle (14. 2p . This subalgebras inherits from 

the principal Z-gradation. 
Given A e we let 

±Ap^ = A(u^i?,., - (-u)-'"i?_,,_0, (4.5) 

where i e Z and j ~ 0, . . . , to. The superscript ± corresponds to the Lie 
algebras C^^^\ Let L (£[["', A) be the irreducible highest weight g[|^ '-module 
with highest weig ht A. The ^Xy are called the labels and c, are the central 
charges of L{c\^\ A). 

Let O denote the algebra of all holomorphic function on C with the topology 
of uniform convergence on compact sets and O^^^ (rcsp. ©(")) the set of odd 
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(resp. even) holomorphic function. We consider the vector space spanned 
by the differential operators (of infinite order) of the form f{D), where f G O. 
The bracket in V naturahy extends to V'~' . Similarly, we define a completion 
'D^'~ (resp. V^''^) of (resp. 2?+) consisting of all differential operators of 
the form *'=/(£» + f)!) where / e (resp. / G 0^°^). 

Then the two-cocycle 4* on T> (resp. V^) extends to a two-cocycle on T)'-' 
(resp. V^'^). We denote the corresponding central extension by 2?'^ —'D'~'(B(CC 
(resp. =I?f'±©CC). 

Given s S C, we will consider a family of homomorphism of Lie algebras 
<^M.±.pO,±^g[[m] defined by; 



^^■±(iV(^+^)2?) = J2fi-j + ^ + s + u){~j + s + u)E,.,j 

V^^ (/(-J + fc/2 + -s)(-j+,s))W 

m r(i)(_- , fe , ) 

= EE '^'^''\ {-J+s) + uyE,,,„ 

jez i=o 

(4.6) 

where /'■*' denotes the ith derivative. Note that t^i™''^ is the restriction to 
2?^'=^ of the homomorphism (3.2.1) in Ref. [KRl] . 

Remark 4.1. T/ie principal gradations on 2?^'^ and are compatible 

under the homomorphisms ^si™''^. 

Let 

" = {/ e : (-j + fc/2 + s) = for all j e ^ i s: m}, 
= {/ G 0^°^ : f'^'H-j + fc/2 + s) = for all j G i m}, 



and let 



jlrnl- ^ 0{t'.Y(2? + fc/2):/G/fl'-}, 
fcez 

jM.+ = ^{t'f{D + k/2):feI^::t^}. 



Proposition 4.2. Given s e (C — ^/2) anc? m e Z+ we /lawe i/ie following 
exact sequence of Lie algebras: 

o^j[-i'±^2?f'±^flei^o. 

Proof. It is clear that keriplT^'^ — j]™'' ^. We only need to prove that (ysi™''^ is 
surjective. We recall the following well known fact: for every discrete sequence 
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of points in C and a non-ncgativc integer m there exists a{x) G O having the 
prescribed values of its first m derivatives at these points. 

Case <pi"^''~ (resp. since s Z/2 the sequence {— j + fc/2 + s}jez 

and {j — fc/2 — s}jgz are disjoint. We fix < zq < m and jo, k then there 
exists a{x) € O such that 

• if k is even, a^'^-j + fc/2 + s) ^ a^-'^j - fc/2 - s) = S,^,„6j,jj2, 

• if fc is odd, a«(-7 + fc/2 + s) = 2,5,,,„,5,- a«(j - fc/2 - s) = <5i,io<5,-, jo> 
(resp. a(*)(-j + fc/2 + s) = aW(j - fc/2 - s) = Si,ijjjj2), and let 

= io!(a(a;) + (-l)'=a(-a;)), 

(resp. g{x) = io\{a{x) + a{—x))). Then 

ip^r^'^it'^giD + k/2)D) = {u + {s - jo))«*°i?,o-fe.,o, 

and since {{u+ (s — jo))u*}^o is basis of Rm, then (/ji™''^ is surjective, finishing 
the proof. □ 

Proposition 4.3. For s = ^, we have the following exact sequence of Lie 
algebras: 

2 

where := c^^^ and g_ := . 

Proof. The homomorphism (p^^'^ : — )■ defined by 

2 

^[rki'/(i5)£') = ^/(«+i-j)(^^+^-i)^i-fc,.- 

jez i=o 

is surjective and the anti-involution (j± is transferred through this homomor- 
phism to an anti-involution w± in that satisfies 

w± ((w + ^ - = (±i)'+^'(-« + ^ - i)/(-w)i;i_,- 

with / e C[a;], from which it is easy to see that 

w±{f{u)Ei,j) = {±iy+J(-u+^-i)i-u+^-j)-'fi-u)E,_j,,_i. (4.7) 

Then, the Lie algebra of — (7±-fixed points in (namely V^'"^), maps surjec- 
tively to the Lie algebra of — w±-fixed points in 0[[^'. 
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Now, we define the automorphism T : qV^^ — > fl'»D by 













k=i ^ 








i-i , 


T{u'E,^j) 









-1 

2 ' 

On the other hand, let p±{f{u)Eij) = (^l)''+-'/(— be the anti- 
involution in qI^^^ that define g^, then using (|4.7p we have that 

^^±l(0lb')-i®(0lb')o®(0lb')i = ^±^l(slb')-i®(Bt&')o®(Blb')r (4-^) 

Then, since glj^l is generated by (0l[^l)„i e(0l[^l)o e(0[[^l)i and using g^), 
we obtain that p± = T~^w±T. As before, the Lie algebra of — ti;±-fixed points in 
g[[^' maps surjectively through of T^^ to the Lie algebra of —p±-tixed points in 
g[[^', namely g^. So T^^ (/j'™' maps surjectively I?^' ^ in g_(_ and since is an 

2 

automorphism it is clear that kerT~^ 1^9'™''^ = Ji™''^, finishing the proof. □ 

2 2 

Proposition 4.4. For s = 0, we have the following exact sequence of Lie 
algebras: 

Proof. We consider the following morphisms of Lie algebras: ip\^^ as in ()4.6p 
and T : g[[^l ^ g[[^] defined by 



T{u'E,^i) 
T{u'E,^j) 



note that T{u^E,j) = u^T{E,^j). Then, r(^[|"' : X»f '± ^ /:± is surjective and 
since T is an automorphism, it is clear that kerTip^^^ = J^"*''^, finishing the 
proof. □ 

Remark 4.5. (a) For s = and s ^ ^, by an abuse the notation we will denote 

again (^i' ' ^ the surjective homomorphism of the Propositions \4-3\ \4-4\ 
(b) For s £ Z (respectively s G Z + the image ofV^'^ under the homomor- 
phism </?i'"''^ is i^*(^o™''^(I?^'^) (respectively ^(X*^'^) where v was 









fc) u^Eij if i < J, 


k—i 
fe#0 














k)^^u^Eij if i > j. 


k—i 
fc#0 
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defined in (|4.ip and J = s (respectively J — s — i Therefore, we will only 
consider s — 0, ^ throughout the article. 

(c) Observe that Proposition \4-4\ the corrected version of Proposition 5.3 in 

mn. 



Now we want to extend the homomorphism (^i™' ' ^ to a homomorphism 
between the central extensions of the corresponding Lie algebras. Define 

(s-l/2)x I f -(s-l/2)x i 

m{x,s) = seC). 

The functions r]i{x,s) satisfy: 

rn{x,-s) = (-l)*77,(x,s + l), (4.9) 
77o(a;, s + 1/2) = cosh(sa;). 

Proposition 4.6. The homomorphism (^i™''^ lifts to a Lie algebra homomor- 
phism (^s"''^ of the corresponding central extensions as follows: 

i=o jez ^ ' ' 

1^ ??,(x,s) i l cosh(x/2) 
"2 ^ ihJ^" ^° + 2 ^hIhR2) (^-'^^ 



^t"l'±(co) = 1. 



Proof. Note that (2?;^)o = (^'x )o and therefore = ^i™'' l(S")o' 

See Proposition 5.2 in |BL) . □ 

Let m = (wi, . . . , mAf) G Z:'^' and s = (si, . . . , sat) e C"'^ be such that 
Si e Z implies Si = 0, Si G Z + ^ implies Si = ^ and Si ^ ±Sj mod Z for i ^ j, 
combining the Propositions 14.21 14. 3[ 14.41 and 14.61 we obtain the following result. 

Proposition 4.7. Given m ands as above, we have the following exact sequence 
of Lie algebras: 



i=l 

where ^ = 0,^o "^^T''' ^ ^'^'^ 0±"' = ®iIo 0±"'' 



fl'oo ) 


«/ Si 7^ 0, i 


[mi] 
Coo 1 


*/ *i — 2 ' 


£[nii] 


i/ Si = 0, 
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5 Realization of Quasifinite Height Modules of 




Let gl™! stand for qI^ or ct^' or d!^' or The proof of the foUowing 

propositfon is standard. 

Proposition 5.1. The g^"^^ -module L{q^"^\ A) is quasifinite if and only if all but 
finitely many of the *h^^^ are zero, where * represent a or c or d or ± depending 

gl™! *s 0[L' or (^^^ or d!^' or C^^\ 

Let m = (™i, . . . , mAr) G Z;'^ and s = (si, . . . , sn) G C"'^ be such that 
Sj G Z imphes = 0, G Z + ^ imphes Si — ^ and ^ ±Sj moc? Z for i ^ j, 

take a quasifinite Ai G for each i = 1, . . . ,N and let L(g[["'', A^) be the 

corresponding irreducible g[^''-module. Let A — (Ai, . . . , Ajv)- Then the tensor 
product 

AT 

i(0FU) = (g)i(0L"'U.), (5.1) 

i=l 

is a irreducible ^[["'-module, with g[[^'' = Si"'' Proposition l4.7l The 

module L(0t™l,A) can be regarded as a X'^-module via the homomorphism 
and will be denoted by (A). We shall need the following proposition. 
Its proof is analogous to that of Proposition 4.3 |KRlj . 

Proposition 5.2. Let V a quasifinite T)^ -module. Then the action of T>^ on 
V naturally extends to the action of {T)^'^)k on V for any k ^ 0. 

Theorem 5.3. Let V a quasifinite gj-™^ -module, which is regarded as a T>^- 
module via the homomorphism i^^'^'^. Then any T>^ -submodule of V is also 
a g^^^ -submodule. In particular, the -modules L^^\x) are irreducible ifs = 
(si, . . . , sjv) G is such that Si ^ 1i implies S; = 0, G Z+ ^ implies Si — ^, 
and Si ^ ±Sj mod Z for i ^ j ■ 

Proof. Let J7 be a P^-submodule of V, then U is a quasifinite P^-module as 
well, hence by Proposition 15.21 it can be extended to {'D^'^)k for any k ^ 0. By 
ProDOsition l4.7[ the map : (^5^'*)/c (0±"')fc surjective for any k ^ 0. 

Therefore U is invariant with respect to all graded subspaces {g^^^)k {k 7^ 0) of 
Using that 0I"' coincides with its derived algebra, we finish the proof. □ 
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Given an irreducible highest weig using Theorem 

13. 8[ we have that it is quasifinite if and only if 

where <^\{x) is an even quasipolynomial such that 0a (0) = 0. 

On the other hand, observe that a functional A G (2?J)o is also characterized 
by Vi = -A(i:»'+i), where / e and the central charge A(C) = cq, cf. ([alS]) . 
Consider the new generating series: 

= E TrrTTi^' = -A(sinh(x7?)), (5.3) 

observe que ^\{x) satisfies p.lOp . then using p.l4p we obtain 

</'A(a;) 



rA(x) 



2sinh(f)- 



We will show that in fact all the quasifinite D^-module can be realized as 
some l}-^^ (Oi"' : A) , and this is done by the study of exponents and multiplicities 
using the computation of the generating series Tra,s,\{'^^ of the highest weight 

Pf'±-moduleii'"l(0[["l,A). 

Proposition 5.4. For s e (C — consider the embedding (^i™' : — 

qI^ . Then the qI^ -module L[qI^ , A) regarded as a -module via ips is 
isomorphic to L{T>^] e+, e~) where e+, e~ consist of exponents {s — j — ^) with 
j and multiplicities 



i even i odd 



respectively. 



Proof. By Proposition 15.11 and Theorem 15.31 the C^-module L{q{^ , A) is an 
irreducible quasifinite highest weight module. Using (I4.10p . the central charge 

c — Cq. Using the explicit expression of the homomorphism ^s™' : ^ 0'oo 
given in Proposition I4.6p . and the formulas (|5.3p . (|4.10p and (|4.3p we have that 

r™,s,A(x) - -A(^i"l(sinh(xi?))) 

^ 1 - j) g, M l cosh(a;/2) 

2Z^Z^ sinh(a;/2) ^ 2 sinh(x/2) 

Now the proposition follows from the definition of exponents and their multi- 
plicities. □ 
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Proposition 5.5. Consider g^T^^ = c[^', g'!"' — d^' and the embedding (^'["''^ : 

2 

T>^ — > flit"'. T/ien t/ie g[j!''-mo(iw/e L{q^^\x) regarded as a T)^ -module via 
^M:± is isomorphic to L^D^^e^ ,e^) where e'^ , e" consist of exponents j G 

2 

and multiplicities 

y and y 

i e'i;en i odd 

respectively, where ^h^j'^ — for i odd and g represents c or d depending of 

Proof. We will only need to compute Tm,s,x[x). The rest of the statement is 
clear, of. the proof of Proposition 15.41 Recall Remark 14.51 (a) and consider 
the explicit computation of the homomorphism (^^''^ : T>^ — >■ given in 

2 

Proposition IMl Using (lOI) . (g^, (|i?TUl) and (lOl) we have that 



- m.s.X \ 



1 ^ ^ Tji(X,j + 1/2) 



2 ^ ^ sinh(x/2) 

1 ??»(a:,l/2) (,) l cosh(x/2) 

2 sinh(a;/2) " 2 sinh(x/2) 

z even 

which proves the proposition. □ 

Proposition 5.6. Consider the embedding (^g™''* : — > T/ien i/ie 

c\^^ -module L(Cj!^\ X) regarded as a -module via (^q™''^ is isomorphic to 
L(2?^;e+,e~) where e+, consist of exponents —j — ^ wi/i e Z+ and 
multiplicities 

y JllJL and y 

^ i\ ^ i\ 

i even i odd 

respectively. 

Proof. Recall Remark 14.51 (a) and consider the explicit computation of the ho- 
momorphism (^Q™''^ : 2?^ — !> iZ^"' obtained in Proposition 14.61 Using (j5.3p . 
dl^, (|IAU)) and we have that 

r™..,A(2:) - -A(4'"'^^(sinh(xi^))) 

^ f Y^V^ ±.(») l cosh(a:/2) 

2^^sinh(x/2) J 2sinh(a;/2)''°' 

which proves the proposition. □ 
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Take an irreducible quasifinite highest weig ht 2?± -module L{T>^,\) with 
central charge cq and 

r ( \ ^ 

' 2sinh(x/2)' 

where (j)x{x) an even quasipolynomial with <px{0) — 0. We will write 

(j)\{x) + cosh(x/2)co = X! X! ^^■'^^ 

sGC i=l 

where as,; £ C and ag^i ^ for only finitely many s e C. Since, by definition 
of r^i, we have that T\i{x, —s) = {—iyr]i{x, s + 1), to avoid ambiguities in the 
expression of 4>\{x) above, we will choose the parameter s following these rules: 
when s G Z we require s ^ 0; when s G Z + i, we ask s ^ i, when s ^ Z/2, 
we require that Im s > if Im s 7^ or s — [s] < ^ if s G R, where Im s 
is the imaginary part of s, and [s] denotes the biggest integer smaller than s 
respectively. 

Decompose the set {s G Cjog^i ^ for some i] into a disjoint union of 
equivalence classes under the equivalence relation s ~ s' if and only if s = 
±s' (modZ). Pick a representative s in an equivalence class S such that s — Q 
if the equivalence class is in Z and s = ^ if the equivalence class is in Z + ^ . Let 
S = {s, s—ki, s—k2, . . .} be such an equivalence class and take m = maXs^s nT's- 
Put fco = 0. It is easy to see that if s = or i, then ki G 

We associate to S the ^[["'-module L^^\g^^\Xs) in the following way: if 

s ^ Z/2, let "-hl^^ — as+kr.,i with i — 0, . . . ,ms and r = 0, 1, 2, We associate 

to S the -modules Lg {qI^ ,Xs) with central charges and labels 

kr- k,^^j 

If s = 2' ^hj^^ — ai_|_j,^ j, with i — 0, ...,mi and r = 0, 1, 2, We 

associate to S the ^[["'-module L^'(g[^', As) with central charges and labels 

c, ^J^'f^k! even), c, = (^ odd), ^Af ^J^'f^k!^ 

k,- k^^j 

where g[["' = cSi\ g'l"' = SSo^ and g represents c or d depending of 

j G IN, i = 0, . . . , mi . Similarly if s = 0, h),^ = ak^^i, with j = 0, . . . , mg and 

r = 0, 1, 2, We associate to S the £[["'-module L^^\c±.^\ \s) with central 

charges and labels 

c^-T.^h^!^ ^Af = 5:(±;.«-5,.,o c). 

kr- k,^^j 

Denote by {si, S2, ■ ■ ■ , sn} a set of representative of equivalence classes in the 
set {s G G\as,t + for some i\. By TheoremlO the P±-module L|^'(fl[™l, A) 
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is irreducible for s ~ {si, . . . , sn) such that Si G 1i imphes Si = 0, Si G Z + i 
imphes Si — ^ and s,; ^ ±Sj (mod'E) for i j. Then we have 

i i 

Using Theorem 15.31 and Proposition I5.4[ 15.51 and 15.61 we have proved the 
following result. 

Theorem 5.7. Let V be an irreducible quasifinite highest weight -module 
with highest weight X, central charge Cq and 



^ ' 2sinh(x/2) 

with (j)\{x) an even quasipolynomial such that '/>a(0) = 0, which is written in 
the form (j5.4p . Then V is isomorphic to the tensor product of the modules 
ijg"' (g[™l , A5) with distinct equivalence classes S. 

Remark 5.8. A different choice of the representative s ^ Z/2 has the effect 

of shifting gl^ via the automorphism for some i. It is easy to see that 
any irreducible quasifinite highest weight module L{'D'^'^, A) can by obtained as 
above as a unique way up to the shift v . 
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